SECTIN 16.3 DOUBLE INTEGRALS USING POLAR COORDINATES

RECALL: POLAR COORDINATES:

x = rcos(), y = rsin(0), x> +y?=r? tan(0) = i(i x#0

QUESTION: How do we set-up an integral in polar coordinates?

AA = r,;_\me

"3, 67)

THEOREM: Suppose R is described in polar coordinates as: R = {(r,0) : a <0 <3, g(0) <r < h(0)}:

//R f(x,y)dA= /j/g::) f(rcos(6), rsin(0)) rdrdf

EXAMPLE 1: Convert the following integral from rectangular coordinates to polar coordinates to evaluate.

1 ,/4—x2
/ VX2 + y? dy dx
0 JxV3

3
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Ans:// \/Xz—l—yzdde:/Z/ P2 drdg = &
0 Jxv3 T Jo 9



EXAMPLE 2: Find the volume of the solid bounded by the paraboloid z = 4 — x> — y? and the xy-plane.

27 2
Ans: Volume = / / (4 — r2) rdrdf = 8 units®
0 0



EXAMPLE 3: Find the volume of the solid between the surfaces z = /18 — x2 — y2 and z = /x2 + y2.

27 3
Ans: Volume = / / <\/ 18 —r2 — r) rdrdf = 36r (\@ - 1) units>
o Jo



EXAMPLE 4: Find the volume of the solid between the surfaces z = x?> + y? and z = 6y.

w  r6sin(0) 1
Ans: Volume = / / (6rsin(9) — r2) rdrdf = 877r units®
o Jo



EXAMPLE 5: Set-up an iterated integral in polar coordinates which computes the volume of the solid bounded
by the cylinders x> + y2 = 4 and x? + y? = 16 and the planes z = 0 and x + z = 4.

2 r4
Ans: Volume = / / (4 — rcos(0)) rdr df = 48x units®
o J2



EXAMPLE 6: Set-up a sum of iterated integrals in polar coordinates which computes the volume of the solid

between the surfaces z = \/4 — x2 —y2 and z = /1 — x2 — y2.

Find the volume using formulas from geometry.

27 1 27 2 147
Ans: Vqume:/ / (\/4—r2—\/1—r2) rdrd0+/ / r\/4—r2drdt9:Tunits3
o Jo 0o J1



EXAMPLE 7: Write a difference of iterated integrals (one in polar coordinates, one in rectangular coordinates)
which computes the volume of the solid bounded by z =1 — /x2+y2, z=1—x—y, and z = 0.

units>

72 ol 1 l-x T —
Ans: Vqume:/ / (1r)rdrd0/ / (1—-x—y)dydx=
0 0 o Jo



(e.)
EXAMPLE 8: Follow the steps below to find the value of / e dx:
0

00 o 2 oS o
1. Let N = / e dx. Then N2 = [/ e dx} = [/ e dx] {/ e dx]
0 0 0 0

2. Why does/ e dx:/ e’ dy?
0 0

3. Hence, N? = [/ e dx} [/ e dx] = [/ e dx] [/ e’ dy}
0 0 0 0

4. Explain the following manipulation:

[/ e dx} [/ e’ dy} _/ e [/ e’ dy] dx—/ / e e’ dy dx
0 0 0 0 o Jo

5. Rewrite:
oo oo 5
/ / eXeydydx—/ / X'H’)dydx
0 0
Convert / / (+v?) dy dx to an integral in polar coordinates and evaluate.
/2 ) T
Ans: / / —(4y? dydx—/ / -r rdrd@zz
6. Use your answer to the previous part to determine the exact value of: / e dx.
0

HOMEWORK: Section 16.3: 7 - 63 every other odd



